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GENERAL THEOREMS ON TRAJECTORIES AND LINES OF FORCE BY EDWARD KASNER DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY
Communicated December 20, 1933 We study in this paper certain geometrical aspects of the motion of a particle in a general field of force. Most of the results have been stated briefly in previous abstracts. ' We now wish to give the complete theorems and their proofs.
The theorems deal with the relations between the lines of force and the trajectories of any field. The particular situations considered are those in which a particle starts from rest or else is projected in the direction of the force with arbitrary speed. In these cases, our theorems give a first approximation in the path of the particle.
If a particle is placed at rest in a field of force, it begins to move along the line of force on which it is situated. However, on account of its inertia, it does not actually follow this line of force, but travels in a somewhat straighter path. That is, the trajectory and the line of force will agree as to initial direction, but differ in initial curvature, the trajectory obviously being situated between the common tangent line and the line of force. Our main result is as follows:
The curvature of the trajectory obtained by starting a particle from rest in any field of force is one-third the curvature of the line of force through the given point.
As an illustration consider the magnetic field arising from the flow of electricity in a straight wire. The lines of force in a plane perpendicular to the wire are concentric circles. Our theorem states that an elementary pole placed in this plane will begin to move along a circle whose radius is three times the distance of the magnet from the wire (the actual trajectory is a spiral). Or consider the fall of a stone to the earth considered as an ellipsoid. The path will be normal to the equipotential surfaces only at the start, and its curvature will be one-third that of the curve orthogonal to the equipotential surfaces. (Only when the line of force is straight will the trajectory coincide with the line of force.) Theorem I is always valid, but is significant only if the curvature of the line of force is not zero at the given point. If the curvature vanishes, as for example, at a point of inflection, the same is true of the trajectory; and a separate discussion is necessary, involving third or higher derivatives. In this case we study the ratio of the infinitesimal departures of the path and the line of force from the common tangent line. In general this ratio would be 1: 3, as stated, in effect, in Theorem I, but in the special case of zero curvature it is found to be 1: 5, 1: 7, 1: 9, etc., depending on the order of contact of the line of force with the tangent line. So the ratio always involves an odd integer.
THEOREM II: If the line of force has contact of nih order with the tangent line, the trajectory produced by starting a particle from rest will also have contact of nih order; and the limiting ratio of the departure of the trajectory to the departure of the line offorce from the common tangent will be 1 :2n + 1.
We may express this result intrinsically by introducing rates of variation of curvature with respect to arc length. Let yi denote curvature and si arc of the line of force; and 72 and s2 the corresponding quantities for the trajectory. THEOREM II': The ratio in the previous theorem can be written4
: dsix-1 I= 1: 2n + 1.
We now consider the case in which a particle is projected with a nonzero velocity in the direction of the force. The particle will remain infinitesimally close to the tangent line to a higher order than when it is merely placed at rest in the field. As we increase the initial speed, the particle deviates from the tangent line less and less. This situation is described precisely in THEOREM III: If a particle is projected in the direction of the force with a speed different from zero, the initial curvature will be zero; and the infinitesimal departure from the common tangent will vary inversely as the square of the speed. That is d7y/ds varies as v-2.
The initial curvature may be considered as a function of the speed of projection. From I and III it follows that this function is discontinuous when the initial velocity is zero, changing suddenly from zero to one-third the curvature of the line of force. A similar discontinuity occurs for higher contact between the line of force and the tangent line.
THEOREM IV: The single infinity of paths obtained by starting at a given VOL. 20, 1934 point in the force direction with varying speed under the conditions of Theorem II will have contact of order n + 1 zwith the common tangent; and uill give departures from the common tangent varying inversely as the square of the speed5; except for the single path due to zero speed for which case the contact will be of nh order and the departure ratio will be of the form 1: 2n + 1.
Theorem I remains true even if the motion takes place in a resisting medium, provided the resistance Ro due to zero speed vanishes, as for example, in the case of a particle moving in a gas. However, we have in contrast THEOREM V: If Ro does not vanish, as in the case of sliding friction, the ratio of the initial curvatures of the trajectory and the line of force, for a particle starting from rest, is 1: 3 + 2 RolF where F is the acting force at the position where the particle starts from rest.
This obviously reduces to the ratio 1: 3 of our Fundamental Theorem I when Ro vanishes. All of these theorems can be generalized to apply to any differentiable positional field of force in flat or curved spaces of any dimensionality. The ratio 1: 3 remains fundamental.
2. First we give a synthetic proof of Theorem 1.2 Let f be the acting force at the point where the particle is placed at rest in the field. We may take the mass to be unity. We choose for the x-axis the direction of f, that is, the tangent to the line of force, and for the y-axis the normal.
To a first approximation we may assume the x-force to remain constantly equal to f throughout the initial motion. We then approximate the yforce acting on the particle at any abscissa x by using for it the y-force that would act if the particle were at the same x on the initial circle of curvature of the line of force. By drawing a differential triangle we determine this y-force as xf/r where r is the initial radius of curvature of the line of force. The calculation of the path is now easy.
We have x = f; hence x = '/2ft2, since the initial velocity is zero. Then y = xf/r = '/2 f2t2/r, so that y = f2t4/24r. 
Substituting from (1) and (2) 
Now the trajectory is a solution of X= (X, y), y='(X, y).
Since the initial velocity is zero, the parametric equations of the trajectory in terms of the time are
To determine p and c we first calculate 4p/'p along the trajectory by means of the relations (6):
We find another form for yl/<o by substituting (7) mon tangent is given by the ratio of the leading terms of (10) and (1). This ratio is 1: 2n + 1, which completes the proof of II. 4. To treat Theorem IV we repeat the above discussion up to equations (7). These, however, we must change to ) since the particle is projected in the direction of the force with an initial velocity v. As before, we determine q and k by equating the expressions for +/so derived by substituting (7') into (5) and (6) The lowest power on the left is tq -2. The only term on the right that can furnish this power is the one in tn. Hence n = q -2 and kq(q -1)/f = a(n + 1)v', or k = afvp/(n + 2). Then (72') becomes Y= (n + 2)2 (Vt) + 2 + . . .
(9') From (9') and (71'), Therefore the trajectory has contact of order n + 1 with the tangent line. The ratio of the departures for two projectiles of different initial speeds is given by the ratio of their first terms in (10'), or what is the same, by the inverse ratio of the squares of their speeds, as stated in Theorem IV. 5. We remark in conclusion that all our results may be stated as analytic or geometric relationships between the second order differential equations d2x d2y dt2 p(X, y) 2 = {(x, y) (11) and the first order equations dx dy dt dt
Here (11) may be regarded as defining the totality of motions of a particle in a positional field (trajectories), and (12) 
It was by comparing these two equations that I first obtained (1906) Theorem I. The other theorems of the present paper may be obtained in a similar fashion, but the calculations would seem to be cumbersome. Theorem I remains valid in space of any dimensionality. It therefore applies, for example, to the fall of a stone to the earth considered as an ellipsoid; and to the problem of three bodies, of course using a representation by means of a single particle in higher space. Extension can be made to any riema an space.
1 Trans. Amer. Math. Soc. (1906 Soc. ( -1910 Bull. Amer. Math. Soc., 172 (1910) ; Princeton Colloquium Lectures, Differential Geometric Aspects of Dynamics, 1913, p. 9; Science, June, 671 (1932); Zurich Congress Proc., 2, 180 (1932) . An application of Theorem I is given by Roever, Bull. Amer. Math. Soc., 456 (1915) . An experimental verification of the ratio 1: 3 was carried out under my direction by H. Terrill, Columbia University, about fifteen years ago. The experimental verification of the ratios 1:5, 1:7, etc., would involve delicate technique. 2 The synthetic proof of Theorem I was given by G. Comenetz, and the analytic proofs of Theorems II and IV were given by A. Fialkow, in my seminar.
s In the above proof we assume that the components of the field are analytic. Another proof by mathematical induction has been given by E. B. Callahan which assumes merely differentiability of sufficiently high order. Contact of infinite order for non-analytic curves will be discussed later by A. Fialkow.
' It can be shown that this ratio of the curvature derivatives is always a projective invariant for any two curves having contact of ns order. For n = 1 (or simple contact) this reduces to a well-known theorem of Mehmke. In our dynamical problem we might expect a result of projective character because, if we apply Appell's classic transformation to a field of force, both the simple infinity of lines of force and the triple infinity The region under consideration is the upper half-plane. Let the differential element of arc length be defined as ds-/dx2 + dyt ds = , y > 0.
The geodesics are then semicircles with centers on the real axis and the curvature is the negative constant-1. A certain Fuchsian group is assumed given, the fundamental region, R, of which is bounded by 4 p arcs of geodesics (p an integer greater than one), the sides of R being congruent in pairs and the vertices constituting a single cycle, the interior angle at each vertex being ir/2p. If congruent points are considered identical, there is thereby defined a closed orientable surface of genus p and of constant negative curvature.
Let P(x, y) be a point of R, and let 4 be an angular coordinate,) 4 measured in the positive direction from a direction parallel to the positive xaxis, -7r < . ir. Let M denote the three-dimensional region .(x, y, q) thus determined. A point of R and a direction at this point determines a point of M, hence any directed geodesic determines a point set of M, namely, those points of M determined by points and directions in R which are congruent to some point and direction of the given geodesic. Let G denote the set of points of M determined by a set g of geodesics. It is assumed that the set g is invariant under transformations of the given group. From a conjecture of Birkhoff,I if G is a measurable set, it should
